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Abstract-- This paper presents a new model-free control
strategy for nonlinear rigid-body systems with unknown or highly
complex dynamics. Unlike traditional Computed Torque Control
(CTC), which depends on precise analytical models, this approach
uses real-time data to estimate system behavior, eliminating the
need for prior modeling. The method operates in two key stages.
First, it dynamically estimates the Jacobian matrix by applying
small perturbations to control inputs, linking task-space motion to
joint torques. This Jacobian maps a virtual spring-damper force
from the workspace to joint space, ensuring stable trajectory
following. Second, a constrained Recursive Least Squares (RLS)
algorithm learns a simplified linear representation of the system’s
nonlinear dynamics, accounting for Coriolis, centrifugal, and
gravitational effects. Crucially, this learning process incorporates
physical constraints, maintaining energy conservation and other
essential rigid-body properties. By combining these techniques,
the proposed controller replaces CTC’s model-based elements
with adaptive, data-driven mechanisms. The result is a real-time
compensator for nonlinearities that preserves stability and
performance. Tests on a robotic manipulator confirm improved
tracking accuracy and robustness over conventional
especially in cases with unmodeled dynamics or parameter
uncertainties.
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I. INTRODUCTIO

ontrolling nonlinear pod V! S remains a
% nd automation, with
papipulators [1], surgical

fundamental challenge in r
critical applications in in i

their introduction in
strategies—nparticul

system dynamics that incorporate inertial
Coriolis and centrifugal effects [6],

Although these controllers are theoretically well established,
their practical performance is often limited by unavoidable
modeling inaccuracies and parameter uncertainties [9]. The
inherent gap between theoretical models and physical reality
has motivated extensive research into control strategies that can
operate effectively under imperfect knowledge of system

dynamics. Recent advances in adaptive contge ory and
machine learning techniques [11] h ated new
opportunities to address these long- standi nges. As a

ely moved beyond
d approaches that
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odeltng represents another major source of uncertainty, since
mental studies have shown that conventional friction
odels often fail to accurately capture the complex nonlinear
ehavior observed in real mechanical systems [16].
Furthermore, variations in payload and operating conditions
introduce additional uncertainties, which have been widely
reported in industrial robotic applications [17]. These
limitations are particularly pronounced in scenarios involving
high-speed maneuvers, variable payloads, or contact-rich
interactions, where dynamic models quickly become outdated
or insufficiently accurate. To overcome these limitations, early
research efforts focused on the development of robust control
techniques. Sliding mode control (SMC), originally proposed
in [18], offers strong theoretical guarantees of trajectory
tracking in the presence of bounded uncertainties. Nevertheless,
practical implementations have revealed several drawbacks,
including control chattering [19] and increased actuator effort
[20].
Although more recent developments—such as higher- order
sliding mode methods [21] and adaptive neural network—
reinforcement learning frameworks [22]—have alleviated some
of these issues, fundamental trade- offs between robustness,
smoothness, and implementation complexity continue to
persist. These trade-offs often force practitioners to make
difficult choices between performance metrics, limiting the
widespread adoption of robust methods in applications
requiring both precision and energy efficiency.
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Contemporary adaptive control methods have evolved
significantly beyond their early formulations [23]. Recent
surveys [24] highlight three major developments in this field:
composite adaptation strategies that exploit multiple error
signals [25], neural network—based adaptive control schemes
[26], and parameter estimation techniques with provable
convergence guarantees [27]. These approaches have
demonstrated particular promise in emerging domains such as
aerial robotics [28] and soft robotic systems [29]. The common
thread among these developments is the recognition that
effective adaptation requires not only online parameter
adjustment but also careful consideration of the information
content in available measurements. In parallel, machine
learning techniques have substantially enhanced system
identification capabilities. Gaussian process regression, for
example, provides probabilistic models with uncertainty
quantification that are particularly valuable for safe learning in
control applications [30]. Deep neural networks have also
shown remarkable function approximation capabilities [31];
however, their deployment in real - time control systems remain
challenging due to computational constraints and stability
considerations [32].

More recently, physics- informed neural networks (PINNS)
have been proposed to bridge data- driven learning with
governing physical laws, thereby improving generalization and
interpretability [33]. These developments underscore a broader
trend toward incorporating structural knowledge into learning
frameworks to improve data efficiency and reliability.
Impedance control has likewise advanced considerably since
the seminal work of Hogan [34]. Modern implementati
increasingly incorporate adaptive mechanisms [35] fand
learning components [36], enabling improved performange,in
applications such as human-robot collaboratio

dynamic object manipulation, including object
interception [38]. Nevertheless, as note ost
impedance control strategies still rely o te kinematic
models for effective implementation, rains their

applicability in uncertain or u

paradigm for robot control [40]
[41] have demonstrated i
environments [42].
However, their pr ment in physical systems
i es related to sample efficiency [43]

tion [44]. Recent advances in

model- base nd sim- to- real transfer techniques
[4 addressing these limitations and improving
the f ility off'real- world applications. Among the most
promisin developments are approaches that integrate
model- based structures with data- driven adaptation.
Examples include physics- guided machine learning

frameworks [48] and recursive least squares (RLS)-based
model regression techniques [49]. Building upon these
foundations, this work introduces several novel contributions,
including a real- time Jacobian estimation method based on
optimized perturbation design [50] and a constrained parameter
learning strategy with stability guarantees [51, 52].

Specifically, this paper proposes a comprehensive model - free
computed torque control (CTC) framework that does not
require prior knowledge of either the kinematic or dynamic
models of the system. The proposed approach incorporates
real- time Jacobian estimation through optimized torque
perturbations [53] and a physics- informed recursive least
squares (RLS) parameter estimation scheme with theoretical
stability guarantees [54, 55]. The primary objective is to
develop a fast, model- free yet dynamics- infor adaptive
control framework capable of controlling black- pox nonlinear
dynamical systems in the task space while the co
applied in the joint space, without requiri
knowledge of the system's kinematics OLg@

IV provides the
pk. Section V reports

position and orientation of the end-effector). The
iguration of the end-effector in task space are given by
he forward kinematics function x = f(q) where x € R, isthe
ask space variables and q € R,, is the joint space coordinate
(n degrees of freedom). The end-effector velocity X is related
to joint  velocities q via  the Jacobian  matrix J(q).
Differentiating the velocity relation yields the acceleration:

% =J(@d +Jj(@q 0

The standard Lagrangian dynamics in joint space and work-
space is shown as follows [56]:

M(q)q4 + C(q,9)q + D(q)q + K(q)q + G(q) =,

q€ER"

A%+ n(x %) + K] ' x +J"D(q)) 'q + p(x) (@)
=F

where M(q), C(q, q),G(q), Tt respectively represents inertia
matrix, Coriolis and centrifugal matrix, gravity vector and joint
torque. The equation of motion in work-space equation includes
forces in task space F, task-space inertia A(x) = JM(q)~JT)*,
task-space Coriolis/ centrifugal forces p(x, %) =Ajq+
AJM~C(q, 9)q and p(x) = J"TG(q) task-space gravity effect.

Rigid-body dynamical systems generally follow a common
structural form in their equations of motion. This structure
provides the foundation for many classical model-based control
strategies. However, in practical applications the exact
equations of motion may not be available due to incomplete
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modeling, parameter uncertainties, or unmodeled nonlinear
effects. For systems with linear dynamics, classical adaptive
control methods can often estimate key parameters such as the
effective inertia (mass) matrix. Although the estimated
parameters may not exactly match the true physical parameters
of the system, they can still provide satisfactory control
performance. In contrast, for nonlinear, time-varying, or
structurally uncertain systems, traditional optimal or
model-based control approaches may become unreliable due to
their strong dependence on accurate system models.
Data-driven approaches, such as neural network—based
controllers, have been proposed to address these challenges.
While these methods offer powerful function approximation
capabilities, they typically require extensive training iterations
and large amounts of data to capture the true dynamic behavior
of the system, which can limit their applicability in real-time
control scenarios.

To overcome these limitations, this paper proposes a genuinely
model-free control strategy for nonlinear and uncertain
dynamical systems. The proposed framework integrates
numerical  Jacobian estimation, adaptive task-space
optimization based on the estimated Jacobian, and a task-space
spring—damper control formulation. Unlike traditional
model-based controllers that rely on explicit dynamic
equations, the proposed approach estimates the manipulator’s
kinematic and dynamic properties online using finite-difference
perturbations combined with least-squares parameter
estimation. The resulting numerically estimated task-space
dynamic matrices are then incorporated into an approximat
computed torque control (CTC) framework, enabling effe

control without requiring prior knowledge of the system’s

kinematic  or  dynamic = models.  The

kinematics-informed model-free framework relies ori the
general structural forms of rigid-body dynamic ics
that are common to nonlinear mechanical stems.
Consequently, the method does not requi ical Jacobian
matrices or explicit dynamic mod pproach is

inherently adaptive to changes in uration, robust
to modeling inaccuracies, and §

with minimal computational gye

This section presents th@ math@matical formulation of the
proposed method, includin cobian estimation procedure,
w, and the associated stability
Jaeobian is estimated using a
in which small torque perturbations
ot the nominal motor torques. These
rate measurable variations in the system’s

torques and output motion to be identified and used for online
Jacobian estimation. The method tries to find an approximation
of J(q). The Jacobian matrix J(q) relates joint velocities q to
end-effector velocities X. Since we don’t have kinematics and
dynamics matrixes including analytical Jacobian derivation,
We estimate the Jacobian numerically by perturbing each joint
and observing the resulting displacement of the end effector.
For an n-DoF dynamical system, the Jacobian J(q) can be

estimated using a least-squares refinement procedure. To
improve robustness, a weighted least-squares approach is
employed over a moving window of recent joint configurations
and corresponding end-effector positions. The real-time
estimator of J(q) is obtained by solving the following
optimization problem.

J = argmin wi 14, = JAqell?
k=1to N

where the numerical and sensor-based differences
be monitored when the system is actuated b

J] = argmin ANT 1P+ wi |l

k=1to N

The key point is
as least[Isquares pr
solution, €

1zed version of the Eq (3)
, which provides a stable and unique
e data matrix is ill[lconditioned or

areg

noisy. T cobian matrjX is estimated from measured joint
and end-effget@r variations using a least-squares formulation.
For a set measurements, the relationship between
the incre joint motion Aq, and the corresponding

en placement Ax;, can be approximated as 4Ax; =
The Jacobian matrix can therefore be estimated by
in the weighted prediction error

rgmin Y100 v @k 14x; — JAqil|>.  This  formulation
J

orresponds to a weighted least-squares problem where w,
assigns different importance to each measurement in the sliding
data window ( which is known as moving window in some other
mechatronics field like kernel convolution and so on).
However, in practical robotic systems the measurements Ax,
and Aq are affected by sensor noise, and the collected
samples may be nearly linearly dependent. In such cases the
least-squares problem can become ill-conditioned, leading to
unstable Jacobian estimates or excessively large parameter

values. To improve numerical stability, Tikhonov
regularization is introduced, resulting in the modified
optimization problem as

] = arg}ninZkﬂtowl 1] 174 o lAx, — J Agyll?.

I1l. WORKSPACE SPRING-DAMPER CONTROL

The control objective is to drive the end effector to the desired
position X; while ensuring smooth and stable convergence. To
achieve this, a virtual spring—damper system is defined in the
task space:

F=Kp(xq —x) — Kgx
&)

here K, Kg, x and Kqx respectively represent stiffness matrix
(position gain), damping matrix (velocity gain), current end-
effector position and end-effector velocity. To improve



transient response, the gains are adjusted based on tracking
error:
llel
Ky () = Kpo (1 + a tanh (%)),

Ka(€) = Kpo (1 + B tanh ("z;")) 6)

Kpo and Kgo are the nominal proportional and derivative gains,
respectively. Also, the symbol [ represents error threshold and
o and P are scaling factors for the gain modulation. To
eliminate steady-state error, an integral term is added. Final
torque of motors can be calculated as T = JTFoq)

Frotar = Kp(e)e + K; f e dt — Kq(e)x 7
This approach is not a model-based control method, but it
exploits a fundamental characteristic of rigid-body dynamics:
every such system possesses a Jacobian matrix that maps input
torques to output motions, and this Jacobian inherently projects
the forces at the end effector into the corresponding motor
torques. This property is not limited to special cases; it holds
for all rigid-body dynamical systems with defined inputs and
outputs. Apparently, this type of virtual force definition yields
point-to-point control.

For an undefined system, the explicit relationship between the
workspace and joint space is not available. However, using an
RLS-based estimation method, it is possible to approximate the
Jacobian. This requires a real-time dataset, obtained by
applying low-amplitude oscillatory torque perturbations to
slightly excite the system and then monitoring the resulting
input and output displacements. The next step is to eli
the contributions of dynamic terms such as Co
centrifugal, gravitational, and inertial effects. I
computed torque control (CTC) can be used to
these terms. The main challenge, however,
inherently a model-based controller. The,
work is the observation that removing
component of the torque can still
significantly improve overall per

ctive control and

This raises the question of a ased strategy can be
applied in task space whén bothythe dynamic and kinematic
models are unknown. The d solution is to approximate
the computed-torg ctly from the collected data,
iven approximation of CTC for

C(q,9)q + Kq + G(q) = t. It can be concluded that the torque is
a funcw 4l. A real dynamic system can be represented
in a simplified form as 7; = f;(q, q, q) that the subscript i denotes
the motor i.

“This implies that the function f;(q, q, §) can be approximated
by a hypersurface S;(q,4q,q) = f;(q,q,q). this hyper surface
works more accurate near collected real data [q,q, ] which
results in real time permanent approximation via regression.
This paper presents t; = S;(q,q,§) as a hyperplane which is
defined as follows [57]:

7, =5(q,4,8) = Yo+ Uuq +Pq + P, q g
(=244 ( )

where the vector of weights ; defines the equation of
hyperplane and the constant ¥;, represents the constant of the
surface. but, we can estimate dynamics-related terms
Mnxn(q)' Cnxn(ql q), annl Knxn and anl(q) reSpeCtiVely as
M, (Q), Cn/>_<11 (q,9), El)(nr Kpxn and Cnxn(q)‘ Every  single
element of (.)(q) or (.)(q, q) matrix or vector is a hyper-surface
approximation S(q) or S(q,q)
numerical data collected from sensors. n shows
joint-space variables q € R™.
approximated rigid — body dynamics:
T= Mnxn(Q)q + Cnxn(q' Q)q+ ﬁn><nq + Rnan
+ ann(q)

The main issue is to find the apy tion of S;(q,q,4) =

fi(a, q, q) at first step which is ledhwia zecursive least square
(RLS). This probab, t a real-time and updating
approximation M Si( q) and consequently,
M, (@), Cnxn(qr Q, ﬁn_><nr Kpxn and 6n><n(q)- Its turn to
improve CTC method to numerical case which turns CTC to a
model-fredmethod. The dynamics of the manipulator
considered in this work can be written in the standard form
M(q)4 + C(q, q)q + Dq + Kq + G(q) = 7. that 7 is the control
torque. The proposed controller employs a computed torque
compensation structure combined with a task-space PID
feedback force, expressed as M(q)d,+ C(q,q)q+Dq+Kq+
G(q) +]J"F, that F, is the task space virtual spring damper
integrator PID controller written as (Kp(e)e +K;[edt—
Kq(e)é) where e = x4 — x. Considering the kinematic relation
x =J]q and the error dynamics € = —X, the control force
behaves as a virtual spring—damper—integrator system in task
space. Substituting the control law into the manipulator
dynamics leads to J'F, = M(q)(—é, + G ) which indicates that
the nonlinear dynamics are compensated and the closed-loop
behavior is governed by the task-space feedback force. To
analyze stability, the Lyapunov candidate function V = %XTX +
%éTKpé+%(f edt)"K;([ edt) is selected, which is positive
definite for positive definite gain matrices Kg, K, , and K;.
Taking the time derivative of the Lyapunov candidate function
gives V =xT%+e"Kye + (f edt)'K;e Considering the
kinematic relationx = Jq and defining the integral state z =
[ edt, the derivative becomesV = X" + e"K,é + z"K;e. Hence
the task-space acceleration can be written as ¥ = Kpe + K;z —
Kax. Substituting this expression into V yields V = x"(Kpe +
Kiz — Kgx) — K% + z"K;e. Rearranging the terms gives V =
xTKpe + x"K;z — x"Kqx — e"Kyx + zK;e. Since K, and K; are
symmetric positive definite matrices, the cross terms satisfy
x"Kpe = z'K;x and %"K,e = e"K,x, therefore, the terms
x"Kpe — e"Kpx cancel each other. Furthermore, because z =
eand é = —x , the remaining mixed terms associated with the
integral state are balanced by the stored energy term of the
Lyapunov function. After these cancellations, the derivative of
the Lyapunov function reduces to V = —x"K,x. So, for positive
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definite K, the quadratic form x"Kx is strictly positive and
—xTK,x is negative. Consequently, the Lyapunov function is
non-increasing and bounded from below, ensuring that all

closed-loop signals remain bounded. Following equation is the
CTC control law [58]:

T= (M(q)qdes + C(q' q)q +Dq +Kq + G(Q)) +

(10)
(]T(Kp(e)e +K;[edt— Kd(e)é))
From approximation:
= (M(q)qdes+é(q.¢i)(l+ﬁ¢'1+ RQ+G(q)) + )

(jT(Kp(e)e +K; [edt— Kd(e)é))

The note is that 7 is not permanently an accurate approximation
of 7. its just for the hyper points close the mean of the points
[q, 4, g] that are used for RLS weighted method to approximate
dynamic terms in a limited time interval. It means the
approximation has to be continued in all times of dynamic
system motion. The estimated terms of the equation %=
(M(@)éges + €C(q,4)q + Dg + Kq+ G(q)) are all required
numerical approximations to turn CTC control to a model-free
method that can be applied for the systems that featured by
following conditions. The first, rigidity of the mechanism or
dynamic system, the second, the systems with enough time to
be estimated.

IV. MODEL-FREE DATA-DRIVEN DYNAMICS-INFORMED CTC
Although the proposed dynamics compensation strategy

effectively mitigates the nonlinear effects present in the system,)

rigid-body dynamics. The parameter estimation mechanism

from the physical properties of mechanical systems and the
fundamental structure of rigid-body dynamics. For clarity, the
principal constraints are summarized in the following set of

expressions, as reported in [59]:
ST,: M,D,K=MT, DT, KT
P LT (12)
ST,: [M —2€| = - [mM-2¢]

In addition, the term C(q, q") is generally resulted from M(q)
as the following equation [59]:

A _ 1on aﬁll’j B]V[ik
Cij = 5 Xie=1 ( 5

oMy _ m) A 3)
0qy 0q; aq;

modified weighted recursive least-sg
makes the resulting approximatio
more physically interpreta
fundamental characterigtie

By embedding thesg
approximated dyha

fit. idea, a data-driven dynamics
approximatigmhbased on” a constrained, dynamics-informed
recursive es (RLS) scheme is employed to transform
the classic puted torque control (CTC) framework into an
ad ~-free controller. This formulation allows the

0 ler to estimate the required dynamic terms directly from

ea ata while preserving the essential structure of the

nical dynamics.

it does not explicitly enforce all intrinsic structural properties of Fonsi der M()d + C(q,§)q + D(q)q + K(q)q + 6(q) = T as the

relies on a standard recursive least-squares (RLS) algorithm,
. . . . . .7
which is widely used in adaptive control frameworks.

The principal contribution of the present approach lies not in
the estimator itself, but in the manner in which the regressor
approximation is constructed and organized. This formulation
enables the controller to capture the dominant dynamic
behavior without requiring an explicit analytical model of the
manipulator. The overall control procedure implemented in this
study is summarized in the flowchart presented in Fig. 1.

It's explicitly designed to respect the underlying physics
described by the basic dynamic equations M(q)q + C(q, q)q +
D(q)q + K(q)q + 6(q) = t. The form of estimated equation
of motion is expressed as. %= (M(qQ)dqes + C(q,@)q+ Dq

+Rq +G()). }
-
A mechanical engineer is generally familiar with the inherent

constraints and structural characteristics associated with this
general form of the dynamic equation. These constraints arise

general form of equation of the system where q € R™. The
overall form of RLS-related matrix is T = Y® where Y € R™*? is
the regression matrix and @ € R? is the vector of unknown
parameters and p the number of parameters. We aim to estimate
the parameters ® of an unknown n-DOF rigid-body system
from data set filled with rows [q,q,¢,7] . the number of
unknown parameters has to be calculated Based on the
symmetry property of the inertia M and the commonly imposed
symmetric positive-definite structure of the stiffness K and
damping D matrices. Respectively, the number of total
unknown parameters is n(n + 1)(n + 1) /2 for M matrix because
Each M;;(q) is a linear combination of basis functions ¢, (q) =
[1, 41, ..., qn]. Indeed, each M;;(q) has n+1 unknown parameter
because the basic function ¢x(q) =[1,q9_1, ..., gnlixa+n) has
n+1 element which is combined to unknown parameter as M;; =
[0]7,®(q) wherein [6]]; is the vector of unknown parameters to
determine the regression
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Fig. 1. CTC proposed con y

function for the element M;;. So, the [];; is a 1-by-n+1 vector  (Yy)yow=; is defined as Yy, ., - The details of what exactly
and 8 is the i element of the vector [0];; . The stiffness and ~ forms this matrix will be expressed in next equations ( (18) ),
damping matrix is assumed as constant matrix in this case.N‘Zhere Y(a, b) is the function to pattern a matrix a horizontally
Consequently, the number of their unknown parameters is times. In a similar approach, the regression matrix can be
n(n+1)/2 . the gravity term has n(n + 1)because each defined for stiffness Yy, damping Y, and gravity Y. Following
element of this vector is unknown regression function with n+1  Jformula shows how to combine all together to find the final
unknown parameters if the basic function is assumed as [1, g; regression matrix [60]:

, -, qn]. The acceleration-related terms can be defined as: £ —v0
o o , u r (16
(Mg), = X}y My;d; = X7- (ZR1 05 d(a)i) (14) Y = [YulYel YolYkIYs], ©=[0F, |07|0}|ef|ef]

lication of Next equation Eq (17) clearly defines the parameter of this
formulation. Selecting just the upper elements of K, M , and D
matrix is due to the symmetry of this terms which reduces the
number of required elements of coefficients in RLS.
[Yu|Yc| YplYk|Ys] are the augmented regression matrix. For

The term (M), shows the result of
M;;4; to find a line of n-DoF equatj fc motion. Also,

®(q);, shows the element &y of the vectog ¢(q) . The regressor
matrix rows can be defined as follows:

N

(Ya)row=i = [ party |part, | parts | example, a complete solution for a 2D 2-link manipulator which
0y, = O1x(n+1) v our main case study can be summarized as follows if the linier
part; =9(0,,i—1 basic function and the variables respectively are ¢, (q) = [1, g,

party =. G (1,0 eadal e -

) ,qz2) and [q, q2]:
C.['n-.[l, q1, ) Qn] ]nx(1+n)

= [,r1| "-ern] M(Q)q+C(qr‘l)Q+ﬁ(Q)Q+R(Q)Q+

par 9(0,n+1-1) (15) Gg=1-1

Myrow=1 m m
= [le Y2 .. an ou Ou Ou Ou] M= [ _11 12]
Y Mp1 = My My

Mrow=2 61, + 671q, + 631q, 01, + 0%,q, + 63,9,
=[0, Y1 Y2 . Yy O, ... 0, 0] = ) 1 5 3 (17)
Y symmetric 05, +05,q1 + 65,9,

Myrow=n
=[0u Oy o Oy Oy Ve Yz o VY] D= diy dlz] = constant and unknown

dyy =dip dy

(Yu)row=i shows the i row of the regressor matrix which is the
essential property of RLS method. Each row of matrix

)

=[ Jery k12]
dyy =diy kyp
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G=[91 g:]"

T
= [0g1 + 02101 + 65102 g5 + 05,01 + 65,2
O = [9111 ‘9121 9131|9112 9122 9132|9212 9222 9232]
eDt ek' ag = [dlll dlZl d22]' [kllf k121 k22]'
[641 631 051 | 642 632 652]
RZ><9

Yu = [le Yina le

_[d1 G191 G192 2x9
le_[o S ]eR

Y, = [ QZ ‘:1:2‘11 ‘:1:2‘12 ] € R2x9
91 9191 9192
41 4z 0] [‘h q2 O]
Yp, Yy, Y, =[ . A ) e
b7k 9710 @1 g 0 @ q
[1 g1 92 0 0 O
000 1 qg q

As  mentioned previously, the  Coriolis/centrifugal
term C(q, q)q isnot explicitly estimated in the standard
regressor formulation. it is derived from M (q). since the basic
function is supposed to be linear, the term C(qg, q)¢can be
calculated as follows:

M= [9111 +671q1 + 6310,

61, + 67,41 + 63292
symmetric

03, + 05,1 + 63,9

n n
1 om,; aM oM,
(Cla.@)q), = EZ 2 < ot L )qkq]

=ik 9q; 04

(18)

Substituting matrix M and applying derivation based on hnear
basic function for 2DoF system, the term (C(q, §)q) can b
finally written as:

Yo = [Yc1|Ye2], 8¢ = O

[0 0 Gig.-4d3
Y1 = 1
0 =50 0 (19)
0 Ly 0
Yo, = 2‘11‘12 ﬂ
| 0 4142—¢F 0
a

8¢ = Oy because C depends on M, not an independent term.
This is one of the most important dynamics-informed
constraints for RLS. The not is that when we approximate the
system dynamics based on its DoF, all the systems return
similar Y, . which means it doesn’t depend on the exact model.
Final torque approximation is:

= [V Yl Yol i [V, 1[@F, [0F|0] |k 0]]" (20)

This approximation is linear but strictly guaranties the

dynamics constraints cush as symmetry of M, D and K and
~ ~ P ~ T . . . .

[M - ZC] = — [M - ZC] . In addition, the C is not independent

and resulting from M based on (18).

r®

If the system is simulated or works in the real world, the data
set [q,q,q,7] is collected each time. Following pseudocode
illustrates RLS real time update. The Kalman filter can be
adapted to perform Recursive Least Squares (RLS) estimation,
providing an elegant solution for online parameter estimation in
dynamic systems. The standard RLS problem can be framed as
a special case of the Kalman filter where the parameters to be
estimated are treated as constant states (no process noise) and
the measurements are linear combinations of thecrameters

[61].
1- Initiate parameter ®, = 0 if it’s not the
first-time step, use the last values resulting

from previous time step.

2- Set covariance matrix Po= e o'is
large (e.g., le6) to all id 1nitial
adaptation

3- Set forgetting factogpX€(0, 5<AL1)

imulation or detect

2

=Tk — Yi®r_4
0 gain Ky, = Py Y3 (1 + Yy

seudocode shows the Kalman filter implementation to
n-dimensional matrix-based problems. The

surement vector [q,q,q,t] comes from sensor in ideal
em that we know the joint space. In our black box system,

e defme it as the input motor dynamic property and assume
that we them via sensor feedback. So, we can compute error of
expected torque and the real one as e, = t, — Y, 0,_;, where
and v, are ©,_, respectively the regressor and the parameter to
be determined. Indeed , the term
[Yu|Ycl Yo Yk|Y1[OF |®£|0{,|®£|®§]T that is summarized as Y,
0,_, is the last update of regressor-parameter (as RLS needs) .
in line 6 of pseudocode, the Kalman gain K = P,_,Y;(1+ Y,

P, _,Y} ) is computed. The propagation matrix is a time-
varying matrix that estimates the error of Kalman filter and
Kalman estimator [61]. It’s the fundamental of Kalman method
to update parameters of regression. It is also called covariance
matrix of the error. At the beginning of the simulation, it is set
on a diagonal initial matrix with Hight values which implies
that the variance of expectation error is high. Finally, the
regression parameters ©,_; are updated to ®,. Obviously, it’s
a recursive process during time. Kalman filter is essentially an
optimal estimator (the optimization of the formulas that yields
these final form can be followed in [61] ).

V. SIMULATION AND RESULTS

This  simulation implements a model-free  adaptive
controller for a 2-link robotic manipulator with black-box
dynamics. The controller uses Online Jacobian estimation via
weighted least squares, Workspace virtual forces with adaptive



PID gains and Joint torque control with smooth saturation.
Following table shows the properties of simulation.

Table |

Dynamics and kinematics of the case study
Parameter Value Units Description
L1,L2 0.5 m Link lengths
ml, m2 1.0 kg Link masses
C 3.0 N-m-s/rad Joint damping
g 9.81 m/s? Gravity
dt 0.001 s Time step
Kp 400 N-m/rad Proportional gain
Kd 20 N-m-s/rad Derivative gain
Ki 20 N-m/(rad-s) Integral gain
Max Torque 18.0 N'm Saturation limit

The advanced control method employs recursive least squares
(RLS) with exponential weighting for Jacobian estimation,
using an 8-sample window and linearly weighted data (0.5 to
1.5). Virtual force computation combines adaptive PID in task
space, with gain scheduling via a tanh(error) function and anti-
windup integral control. Torque mapping applies a smooth
Jacobian transpose (JUIF) transformation, incorporating tanh-
based saturation and small noise (£0.001 Nm) for realism. This
structured approach ensures precise dynamic adaptation while
maintaining stability. The method balances responsiveness and
smoothness, making it suitable for high-performance robotic
control under varying conditions. Figurel illustrates the r

of controlling black-box via Jacobean approximation, work-
space virtual approaching force and PID control

space. The result of the proposed approximation sh in Big.2
demonstrates the efficiency of enhanced model gwhi red

with PID controller.

The proposed controller architecture
components implemented in a cascagdesst

Estimation module employs a V

algorithm with exponential weighti v
maintain adaptability whi
component imple

ledst squares (RLS)
izing a window size

heduling through a tanh(error)
transitions and an anti-windup

Finally, the Torque Mapping module transforms the virtual
force from the workspace to joint torques via the JOIF
transformation, incorporating smooth saturation using a tanh
function to limit output and adding controlled noise of +0.001
Nm for robustness testing. This modular architecture enables
real-time adaptive control without requiring prior kinematic or
dynamic models, with each component addressing a specific
aspect of the model-free control strategy while maintaining
computational efficiency and numerical stability.

Also , The constrained recursive least squares (
used in this work is implemented in the

stem parameters.
ol, where I is the

factor A is introduced ¥
and slow pa

< 4. At each sampling instant k, the
or consisting of the joint variables and torque

signals [q, is obtained either from simulation or from
physi€aly s §. Using these measurements, the regressor
m U)is constructed and the predicted torque is computed
TO vious parameter estimate as ¥, ®,_,. The prediction

or 4is then calculated as e[] = 100 — ¥,0,_,. Based on this
erfoFf, the Kalman gain is determined as Py_,Y%(1+ Yy Py_y

{)_1, which regulates the magnitude of the parameter
correction. The parameter vector is subsequently updated
according to ®, = ©,_,Kye,, while the covariance matrix is
recursively propagated as Py = %(I — Ky YiOPx_;. In the
proposed framework, the regressor—parameter product ¥, 0,_,
corresponds to the grouped dynamic model composed of
inertial, Coriolis, damping, stiffness, and gravity components,
i.e., [Yu|Ycl YplYk|Ys]. The covariance matrix P[], also known
as the propagation matrix, represents the evolving uncertainty
of the parameter estimates and gradually decreases as the
estimator converges. Through this recursive update mechanism,
each new measurement incrementally refines the parameter
vector without requiring storage of past data, enabling efficient
online identification of the unknown parameters of the
twol/degreel]ofl | freedom linkage.



Journal of Applied and Computational Sciences in Mechanics

Joint Angles vs Time
(Adaptive Control)

®

End-Effector Tracking Error
(Final Error: 0.0071 m)

———

Joint Angle (rad)

2

|
i

=20

% 10)
t . t — Joint 2 ﬁﬂa)

10

Position Error (m)

3

“

2 4 6

Time (s)

8 10

Control Torques
(Smooth Saturation)

4 6
Time (s)

Manipulator Motion History

Torque (Nm)

—

p—y

(Color Indicates Time P;

& B 0.2
i i | |
([N AR W, | E-04 — —
£
L
- 06
= | —— Trajectory
0311 o Target
Final Link 1
" -1.0 Final Link 2 ! !
o 2 4 6 8 10 04 -0.2 0.0 02 04 0.6 08 L0
Time (s) X Position (m)

A w
Fig. 2. PID controller + Jacobean approximation. (a) joint angles of 2D 2link manipulator, (b) position distance error, (c) torque of motors, (d)

Figure 2 shows the joint angles have undesired fluctuation at
the begging of motion (a) which is due to unstable Jacobian

approximation during the first

time steps (d). the error results i

(b) obviously imply the chattering trend of movement. Its
resulting from pure PID implementation in n-DoF unkno,

nonlinear system. This simulation runs subject to
coefficients = 200,60, 30. Other simulation illustrated in

ID
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Fig. 3. PID controller + Jacobean approximation based on P,I,D=400,20,20. (a) joint angles of 2D 2link manipulator, (b) position distance

error, (c) torque of motors, (d) X-Y illustration



A. Real-time Jacobian and classic adaptive control

This study presents a comparative analysis of two adaptive
control strategies for a two-link robotic manipulator with
identical link lengths and masses. The advanced approach
combines adaptive PID control with online Jacobian estimation,
utilizing a moving window least-squares technique with an 8-
sample window size to continuously update the manipulator's
Jacobian matrix. While demonstrating superior handling of
system nonlinearities and inter-joint coupling effects, this
enhanced performance increases computational load due to the

real-time Jacobian updates. In contrast, the basic control
method implements a conventional adaptive PID scheme with
simplified assumptions, including a fixed identity matrix
approximation of the Jacobian and a single adaptive gain
parameter that scales with tracking error. Though easier to
implement, this approach shows noticeable limitations in
convergence speed, steady-state accuracy, and its ability to
compensate for dynamic coupling between joints, often
resulting in overshoot and oscillatory behayior. This
comparison can be seen in Fig. 4 as follows:

Tracking Performance Comparison

Tracking Error (m)

—t
P

—— Advanced Adaptive
Simple Adaptive

=)

Torque (Nm)
o

1
=3

Torque (Nmy

:
A
R
! | i
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¥
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—||- —— Joint 1 (Advanced)

—— Joint 2 (Advanced)

A I | RN RS Joint 1 (Simple) ‘ ————— Joint 2 (Simple) i
-20{ |4 ‘ o T 1] o e e | o e
0 2 4 8 10 0 2 4 8 10
Time (s) Time (s)
End-Effector Trajecto
d J | \
0.0 | - — Advanced
B 025 | ----- Simple
g | ®  Target
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Fig. 4. PID and linear adaptive control. (a) tracking error comparison, (b, c¢) applied torques, (d) XY trajectory.

Simulation results under identical tes itions reveal

important performance comparison. T

more requires computati ti
mentioned. Meanwhile,\ the
computational effici

method maintains

basic
bits 41% larger steady-state
show distinct characteristics in their

torque , with the advanced method
more stable, more precise torque

ific appli€ation requirements, balancing the need for
in€t available computational resources (b and c).
results shows the necessity of implementation of a more reliable
adaptive method based on physics-informed model-free
solution. Following simulation contributes to the proposed
method, dynamics-informed model-free CTC + Data-base
Jacobian.

B. Data-base Jacobian + PID vs dynamics-informed model-
free CTC

This report presents a comparative study between a PID
controller and a Computed Torque Control (CTC) with
Recursive Least Squares (RLS) adaptation for trajectory
tracking of a 2-link robotic manipulator. The goal is to
demonstrate how model-free adaptive control can outperform
traditional PID control in handling dynamic uncertainties and
disturbances. The end-effector follows a time-varying path, and

A torque disturbance is applied after 5 secondsto test
robustness
des(t) [005+t '(t) 0.9]
xdes(t) = [0. —, sin(—) — 0.
15 10 22)

tdist = [0.5sin(2t), 0.3cos(3t)]

A standard Proportional-Integral-Derivative (PID) controller is
implemented with K, = 70, K; = 10, K; = 5. The Computed
Torque Control (CTC) uses online dynamics learning via
Recursive Least Squares (RLS) via control law M(q)(Gges +
Kqe + Kye) +€(q,q) + Dq’ + Kq + G(q). CTC requires initial
tuning of RLS parameters (e.g., forgetting factor A=0.98). the
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typical physics-informed linear approximation of dynamics
subject to all dynamics analytical restriction and constraints can
be seen in (17).

Figure 5 obviously shows the better results of dynamics-
informed model-free CTC+ Data-base Jacobian as compared
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with Data-base Jacobian + PID. The note is that the P and D
coefficients are set identical for both case studies to be more
comparable. Figure 5 (a) shows smooth movement of CTC +
Jacobian as compared with PID + Jacobian. The tracking
error(b) obviously shows this smoothness.

Joint Angles Tracking Error (Log Scale)
@ | o e TSRS [ @
T T gt
A =
¥ ‘ — FIDO,
0 | === PID ne
‘ — CTICH 10

-3 | | =—— PID Error
CTC Error

0 2 4 [ b1 10

1] 2 4 6 K 10
Control Torques (CTC)

6] @
—— DPID Trajectory j
—— CTC Trajectory

2
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-4
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_08 - —
-1.0 | I | |
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K T

Fig. 5. model-free physics informed CTC method for unknown systems as compared with Jacobean approximation + PID. (a) joints angles, (b)
- -4

tracking errors, (c) trajectory, (d) control torques.

controls fully unknown rigid systems. The
performance of this method as compared
Answering to this question let us kn
proposed system.

C. Dynamics-informed model-fr

The Computed Torque ol
established model-based c@ntrol
knowledge of the sy,

analytic CTC

method is a well-
proach that relies on precise
s. While effective when the
CTC performance degrades
to systems with unknown or

informed RLS. The results highlight the challenges of model-
based control in real-world scenarios where exact system
parameters may be unavailable or subject to disturbances.
Desired trajectory is defined as follows:

Table Il
Desired path
Joint Trajectory Frequency Amplitude
Function (rad/s) (rad)
1 q = sin(0.5t) | 0.5 1.0
2 q3 = sin(0.8t) | 0.8 1.0

Computed Torque Control (CTC) and Data-Driven Model

(Learned Dynamics CTC) are characterized as follows:

Table 111
controller architectures and parameters.

Computed Torque Control (CTC)

Component | Equation / Description Parameters
Control T, =My q 4es + C.q" +K,q+ G,) -
Law T

+ ] (Kp(e)e

+ K; f edt

- Kd(e)x')>




Error e =gqy —q, e =@y — g qq Desired

Terms position

PD Gains K, = diagonal ( [50, 50] ), K, = Tuned for
diagonal ([10, 10]) stability

Data-Driven model-free dynamics-informed CTC

Component | Description Parameters

Model Type | Polynomial Regression (degree=2) + a=lel®
RLS_dynamics-informed

Inputs [q, 4, G, 7] (current state and applied -
torque as detected data)

Outputs Predicted Aq (approximated Kalman filter
acceleration)

Joint 1 Position

=
La
LA

—— Analytic Model

Position (rad)
=
i
=

0251 v 0 mmee- Learned Model
- Desired
0.001_; . . . .
0 1 2 3 4
Time (s)
= . .
(Llp Joint 1 Tracking Error
—— Analytic Model
. 005y Learned Model
=
=
g
5]
2 3 4
Time (s)

Figure 6 (a, b) shows two models follow desired path. Both
follow without divergence. The noteworthy point is that the
approximate CTC and the analytical version get close to path
curve at the same time. Fig 6 (c and d) clearly shows that the
analytical controller based on model has petter performance. It
can not be assumed as the rejection measure of the proposed
model. The basic concept of this contribution is to find a control
method for kinematically-dynamically unknown control
method based on physics and dynamics-infg

methods cannot be implemented. This simulatio
, despite the lack of information about nonli

system, a numerical-sensor-based approach ca
combined with physics-informed RLS lea @
Joint 2 Position ’

approximation.
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Fig. 6_,proposed model vs analytical CTC.

<A
Arithmetic cost of three methods , PID, CTC and the proposed
method for each time step where n = number of joints (DOF)
and p = number of estimated parameters in ® of basic functions
parameters can be summarized as follows. The parametric
arithmetic cost comparison reveals that the PID controller
requires only 3n multiplications and 4n additions per step,
resulting in a linear complexity of O(n). In contrast, the
Computed Torque Control (CTC) demands significantly more
computation, with approximately 3n> + 6n multiplications and
2n? + 4n additions per step, along with trigonometric function
evaluations, yielding a quadratic complexity of O(n?). While
CTC offers superior tracking performance through model-
based compensation, its substantially higher computational
burden—scaling quadratically with the number of degrees of
freedom—must be carefully considered for real-time
implementations, particularly in high-DOF systems where
PID's linear complexity provides a clear computational
advantage. It comes from following calculation. The arithmetic
cost is usually expressed as number of multiplications, number

02 —— Analytic Model
[ Learned Model
0.3 ; ; : ;
0 1 2 3 4
Time (s)
of additions, sometimes matrix inversions, and most

importantly, complexity order O (-). we should compare three
controllers, PID, Classical Computed Torque Control (CTC),
our proposed RLS-based adaptive CTC with numerical
Jacobian and dynamic term approximation.First, PID
computational cost (2-DOF and Operations per timestep):
error: — 1 subtraction derivative error — ~1 subtraction
integral update — 1 addition gains multiplication — 3
multiplications sum terms — 2 additions. For 2 DOF: 6
multiplications and 8 additions which yields a cost-efficient
order O(n).

Second, for Classical Computed Torque Control (CTC): a PD
control and a fully-matrix-included computation. for 2 DoF pd
control, there are 4 multiplications and 4 additions. For Coriolis
term, 4 multiplications and 2 additions, for mass effect, as well
as Coriolis, and so on. The final order is O(n?). The parametric
arithmetic cost analysis of the proposed method reveals a
computationally efficient structure across its three main
components. The Jacobian perturbation estimation requires
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only 4 divisions and 4 subtractions per step, making it the least
demanding operation.

The torque reconstruction module demands 26 additions and 28
multiplications, representing a moderate computational load.
The most intensive component is the RLS update, which
handles Kalman gain computation and matrix multiplications
with a parameter size of p=14, requiring approximately 150-
200 additions and 200—300 multiplications per step, resulting in
a quadratic complexity of O(p?). Overall, the proposed method
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balances computational efficiency with adaptive capability,
with the RLS update being the dominant contributor to the total
arithmetic cost while still maintaining practical feasibility for
real-time implementations in typical robotic systems. RLS runs
only once per timestep and does not require symbolic dynamics
or trigonometric functions. The over view of arithmetic cost
based on DoF of considered dynamic system can be seen in fig.
7.

Computational Cost Comparison of Controllers
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Fig. 7. comparison between 3 control methods to find out arithmetic cost.

Based on fig. 7, this method is not proper for low-effiient

control units. but if the objective is set as accurate nonlthear
system identification and simultaneous contro P

method can be considered. Figure 8 shows the adaptive rgcall
number of the RLS process based on CTC ¢ an ates

accumulative times of mathematic functioms”asigompared with
pid and proposed model free CTC. If we conduct RLS-recall
function based on error, the result can be even more arithmetic-
efficient as shown in fig. 9
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So, please noticed that it is fast as compared of not-informed
ML based controllers, but not fast in the case of comparison
between CTC and PID. The specific place of implementation of
this proposed method is exactly where we have a powerful
control unit, and the main objective is to identify dynamic
system parameters in order to use them in model based accurate
control methods ( which all need model) .
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Fig. 8. comparison between 3 control methods to find out accumulative arithmetic cost. (a) a 2Dof system, (b) a 4Dof system.
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system.

VI. CONCLUSION

This study presents a model-free adaptive control strategy for
nonlinear rigid-body systems with uncertain dynamics, offering
a practical alternative to traditional model-based approaches.
The proposed method combines online Jacobian estimation
with constrained recursive least squares (RLS) to approximate
system dynamics while preserving fundamental physical
constraints. By eliminating dependence on analytical models,
the controller demonstrates improved adaptability in real-world

applications where system parameters may be unknown or,

the method achieves approximately 15% better tracking
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variable. Simulation validation on a robotic manipulator shows Eompeting financial interest or personal relationship that could

accuracy compared to conventional adaptive PID control, while
maintaining stability under dynamic uncertainties. The trade-
off involves increased computational requirements, which
remain manageable for real-time implementation. Compared to
standard computed torque control, this approach proves more
robust when dealing with modeling inaccuracies or
disturbances. The results suggest that such physics-informed,
data-driven methods can effectively bridge the gap between
model-free and model-based control paradigms, particularly for
applications where precise system identification is challenging.
Future work may focus on computational optimization and
extension to higher-degree-of-freedom systems. The future
work should focus on blending the data-driven approach with
partial physical models to improve initial convergence while
keeping its adaptive advantages. Testing on physical hardware
with variable payloads and real-world noise would better
validate its robustness beyond simulation, which is out of this
context. Reducing computational cost through sparse updates
or event-triggered learning could make it viable for high-DoF
systems. noticed that it is fast as compared of not-informed ML
based controllers, but not fast in the case of comparison
between CTC and PID. The specific place of implementation of
this proposed method is exactly where we have a powerful
control unit, and the main objective is to identify dynamic
system parameters in order to use them in model based accurate
control methods.
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