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Abstract-- The aim of this study is to investigate the injection
of mutable velocity flow from the walls into the magneto
hydrodynamic flow. A dominant term of tangential velocity
is considered and the remaining terms are ignored and the
first order derivative with respect to r is replaced by a
fractional derivative. The equation is transformed into a
nonlinear ordinary differential equation with fractional
derivative using the similarity transformation method and
solved using semi-analytical and numerical methods. The
results show that increasing Re causes a significant increase
in the values of the dimensionless velocity and radial velocity
in the center of the channel, while a slight decrease is
observed in the regions closer to the walls, but in the regions
very close to the walls it is almost unchanged. Increasing Ha
leads to a significant decrease in the maximum velocity. the
velocity vector lines at fixed radial positions become more
uniform. Increasing the Ha also leads to the appearance of
two smaller maximum velocities in the vicinity of the channel
walls.
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1. Introduction

The effects of injection and suction are substantial on flow
characteristics, including boundary layer behavior, flow
separation, stability management, drag reduction, and
processes of heat and mass transfer. It is well-established
that suction plays a vital role in sustaining boundary layer
stability. On the other hand, injection may promote the
rapid development of instabilities. Both strategies are
effective in curtailing flow separation and drag. Injection
can be utilized to enhance temperature and, conversely,
can act as a thermal insulator by forming an insulating
layer along the walls. In the realm of fluid mechanics,
fractional derivatives serve as an effective means for the
examination of magnetohydrodynamic flows and their
related chemical reactions. This instrument is crucial for
investigating phenomena including free convection, the
influence of thermal radiation, the dynamics of porous
media modeling, nonlocal and memory effects in

turbulence, boundary layer phenomena, and nanoscale
heat transfer, which enhances prediction accuracy [1].
The initial analytical solutions for flow in convergent-
divergent channels were provided by researchers Jeffery
and Hamel [2] , [3]. The study of Jeffrey-Hamel flow is
significant for understanding flow instabilities, mass
transfer processes, and injection effects. The objective of
this research is to conduct an analytical examination of the
influence of fractional derivative and magnetic fields and
variable velocity flow injection from the channel wall on
the velocity distribution within a diverging channel. The
contributions of this study include: the application of
variable velocity for the injected flow, the transformation
of integer derivatives into fractional derivatives within the
governing equations, an exploration of the impact of
varying the order of the fractional derivative, the
utilization of similarity transformations to convert partial
differential equations into ordinary differential equations,
and the implementation of a relatively obscure semi-
analytical method for flow analysis.

2. Governing relations

The divergent channel in polar coordinates features an
opening angle of ao=0/7rad and a radius that ranges

from r=1 to r=4. The primary flow enters radially,

while the secondary flow is introduced from the channel

walls. The fundamental assumptions of this analysis are
outlined as follows:

1. The flow is characterized as two-dimensional, steady,
and incompressible, with the effects of gravity being
disregarded.

2. The radial velocity v, is deemed more significant than

the tangential velocity v, . In the momentum equations,
the prevailing term v, is taken into account, while the

other terms are omitted. The variability of the injection
velocity throughout the channel is acknowledged; this
contrasts with earlier studies that presumed it to be
constant.

* Manuscript received December 28, 2024, Revised March 17, 2025, Accepted July 12, 2025.
Ulnstructor, Department of Mechanical Engineering, Faculty of Engineering, University of Qom, Qom, Iran.
2 Corresponding author. Associate Professor, Physics Department, Shahed University, Tehran, Iran,

Email: anazarigolshan@yahoo.com.

3 Professor, Mechanical Engineering Department, Amirkabir University of Technology, Tehran, Iran.



https://mechanic-ferdowsi.um.ac.ir/article_46991.html?lang=en
https://mechanic-ferdowsi.um.ac.ir/?lang=en
https://mechanic-ferdowsi.um.ac.ir/?lang=en
https://mechanic-ferdowsi.um.ac.ir/?lang=en
https://mechanic-ferdowsi.um.ac.ir/?lang=en
https://doi.org/10.22067/jacsm.2025.91367.1309
https://orcid.org/0000-0003-2511-9297

Mohammad Tolami!, Akbar Nazari-Golshan', Seyed Salman Nourazar 44

By implementing these assumptions and removing the
pressure variable, the momentum equations in
magnetohydrodynamic flow are reformulated into a
higher-order partial differential equation:
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where v represents the kinematic viscosity, p denotes
the density, o signifies the electrical conductivity, and B,
indicates the strength of the magnetic field. By substituting
the first-order derivative concerning r with the Caputo
fractional derivative of order B (,DP) in the momentum

equation and applying the subsequent dimensionless
similarity transformations:

0
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In this context, m represents the dimensionless angular
position, F denotes the dimensionless function associated

with the momentum equation, v,, signifies a constant
value, and  is the stream function, for which we express:
3

y _Lov_r 3)

‘ F£=EVWF'1Ve=—onW=—VwFoDrﬁr2

Using the Caputo fractional derivative relation of the
power function [4]:
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And by applying the dimensionless parameters of the
Reynolds number and the Hartmann number, which are
2

. rev , .
defined as Re=—* and Ha =rB, ° , respectively, the
1
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following final relationship is obtained:
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The secondary flow is introduced at an angle relative to
the channel walls and in the opposite direction of the

primary flow. The boundary conditions are articulated as
follows:

n=0 >F=——Yo _ 1 F'=_1

2w, (6)
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21,

To make the radial velocity non-dimensional, the
tangential velocity at the initial point of the channel walls
is used as a reference value:

. v, (7
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3. Resolving of Equation
The adaptive fraction technique is employed to address
ordinary differential equation. Initially, the linear
component of the differential equation is resolved,
followed by substituting the variables with polynomial
fractional functions [1] , [5]. Numerical solutions are
obtained using Matlab software.

4. Validation

The presence of correlation and consistency between the
numerical and analytical solutions substantiates the
credibility of the current analytical approach. In Figure 1,
the ratio of the flow velocity within the pipe to the velocity
at the center of the pipe is illustrated using the
experimental findings of Takeuchi et al. alongside the
numerical analysis results from Goa et al. across various
Hartmann numbers [6]. It is noted that as the Hartmann
number increases, the velocity profile tends to flatten, with
the exception of regions close to the pipe walls. This
pattern mirrors the trend depicted in Figure 5 of the current
study concerning the radial velocity of the flow within the
diverging channel. Considering the strong correlation
between the analytical and numerical solutions presented
in this study, as well as the resemblance of the behavior
observed for the radial velocity profile in the diverging
channel to the experimental and numerical results of the
velocity profile within the pipe in [6], the validity of the
current analysis is affirmed.
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Fig. 1. Experimental results of Takeuchi et al. and
numerical results of Guo et al. for the flow velocity inside
the tube to the tube center velocity for different
Hartmann numbers [6]

5. RESULTS

Figure 2 illustrates that as the Reynolds number rises, there
is a notable increase in V, at the center of the channel,

whereas a minor decrease is noted in areas closer to the
walls, with the regions adjacent to the walls remaining
nearly unchanged. Figure 3 indicates that an increase in (3

produces effects on the variable ¥, that are similar to those

observed with an increase in the Reynolds number.
Generally, the effect of increasing the Hartmann number is
contrary to that of increasing the Reynolds number. As
indicated in (3), the radial velocity is associated with the
derivative of function F. As the Hartmann number
increases, Figure 4 shows that curve F tends to become
linear, leading to the observation in Figure 5 of a nearly
constant dimensionless radial velocity, except in the
vicinity of the walls. This figure also reveals that an

A

increase in the Hartmann number enhances v, near the

walls while concurrently diminishing this value at the
center of the channel. The reduction in velocity at the
center of the channel with an increasing Hartmann number
is attributed to the Lorentz force, which impedes fluid
motion, particularly in the channel's center [7]. The
increase in velocity near the walls can be explained by the
principle of mass conservation. Overall, the increase in 3

exerts a similar influence on flow behavior as the increase
in the Reynolds number. From a practical perspective, this
finding is significant; rather than altering 3, which poses

challenges, one can anticipate the effects of varying B by
adjusting the Reynolds number.

Fig. 2. Changes in the variable ¥, depending on the
parameter Re under the condition Ha=1,=1
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Fig. 3. Variations of the variable ¥, in terms of the
parameter B under the condition Re=20, Ha=1
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Fig. 4. Changes in the variable F according to the

parameter Ha in the condition Re=20,3=1
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Fig. 5. Changes in the variable Vr depending on the

parameter Ha under the condition Re=20,p=1

6. Conclusion

With an increase in the Hartmann number, the radial
velocity profile within the diverging channel tends to
flatten, except in areas near the walls. This observation
aligns with both experimental and numerical findings
regarding the velocity profile within pipes as reported in
other researches. These instances highlight the efficacy of
the current analytical approach in assessing flow
characteristics. The principal conclusions of this study can
be outlined as follows:

* An increase in the Reynolds number results in a notable
rise in the dimensionless radial velocity at the channel's
center, while a minor reduction is noted in areas closer
to the walls; however, regions very near the walls
remain largely unaffected.

* Elevating the order of the fractional derivative in the
momentum equation produces effects similar to those
observed with an increase in the Reynolds number on
the flow dynamics.

* A rise in the Hartmann number typically induces a
behavior that is contrary to that observed with an
increase in the Reynolds number. Specifically, an
increase in the Hartmann number results in a marked
decrease in the maximum radial velocity at the center
of the channel and contributes to the flattening of the
radial velocity profile in this area.
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