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Abstract -- The modeling and prediction of the structural
characteristics of thin-walled beams and columns are of
significant importance due to the potential occurrence of
lateral buckling under eccentric, concentrated, and
distributed lateral loads. In the present study, by
incorporating the effects of warping, heterogeneity, porosity,
and based on Vlasov's assumptions and the application of
Hamilton's principle, the governing characteristic equations
for the lateral buckling of multi-layered thin-walled porous
functionally graded I-beams and channel beams were
introduced. Using the finite element method and describing
the displacement components of points within the elements in
terms of Lagrangian and Hermitian interpolation functions,
the governing eigenvalue equation was solved numerically.
To validate the results of this study, they were compared with
other references. The effect of various parameters,
particularly porosity index, mixing index, material modulus
ratio, end-moment ratio, and cross-sectional strength
parameter, on the load-bearing capacity of multilayer thin-
walled beams under multiple boundary conditions was
investigated. It was demonstrated that various parameters
have an important role in determining the range of buckling
instability.
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1. Introduction

Functionally Graded Materials (FGMs) exhibit continuous
composition variation, especially along the thickness
direction. This study analyzes ceramic-metal FGMs,
incorporating porosity and structural heterogeneity effects,
with material properties modeled via a power-law mixture
rule. Using Hamilton’s principle, we derive governing

equations for the static equilibrium of beams under diverse
lateral loads. The critical buckling load of thin-walled
FGM sandwich beams is examined for
concentrated/distributed forces and moments, considering
multiple thickness-wise gradation profiles. Numerical
solutions for static instability are validated against prior
literature. The equilibrium equations account for
axial/lateral centroid displacements, shear-center effects,
sectional rotation, and in-plane displacements under
varying heterogeneity and loading conditions. A finite
element approach solves the eigenvalue problem for lateral
buckling (implemented in MATLAB), with results
presented as characteristic curves. Parametric studies
assess the impact of aspect ratio, porosity, and gradation
indices on: (a) Channel section beams, and (b)
mono-symmetric I-section beams.

Avcar conducted a comprehensive investigation on the
free vibration behavior of functionally graded material
(FGM) beams containing sigmoid and power-law defects.
His findings revealed that such defects can significantly
influence the vibrational response of FGM beams,
highlighting the necessity of more precise design
approaches to compensate for imperfections [1]. In 2020,
AlSaid-Alwan and Avcar performed a comparative free
vibration analysis of FGM beams using various beam
theories. Their study demonstrated that the choice of an
appropriate theoretical model plays a crucial role in
achieving accurate predictions of the vibration
characteristics [2]. Babayi and colleagues examined the
thermal buckling of FGM plates and showed that thermal
loads may induce instability in functionally graded plates,
thereby underscoring the need for structural reinforcement
under such loading conditions [3]. Youzera et al.
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investigated the influence of axial-bending coupling
effects on the free vibration response of FGM beams in
thermally varying environments. Their results indicated
that these coupling effects substantially alter the dynamic
behavior of the beams, implying the need for more
accurate thermal-mechanical design strategies [4]. Using
the finite element method, Wang and collaborators
analyzed the vibration and buckling behavior of FGM
beams while explicitly modeling internal structural
defects. Their findings confirmed that internal
imperfections have a pronounced impact on the dynamic
response and buckling resistance, necessitating greater
attention during the design of FGM structures [5]. Most
recently, Xie and co-workers examined the buckling
behavior and stability of thin-walled FGM beams under
axial loading. They reported that proper material selection
and optimized structural design can effectively enhance
the stability and buckling resistance of these beams, while
simultaneously reducing structural weight [6].

2. Methods

This study considers three classifications of porous
functionally graded materials (FGMs) with unidirectional
property distributions along the thickness:

Type A: Material properties follow a power-law
distribution, transitioning from pure metal (bottom
surface) to pure ceramic (top surface), as depicted in
Figure 1. The ceramic phase volume fraction can be
defined by Equation (1).

Ceramic

Metal

Fig 1: Type A Functionally Graded Structure
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Type B: As illustrated in Figure 2, it is assumed that the
thickness of the upper layer of the cross-section is equal to
ah and is composed of pure ceramic material. In contrast,
at the top surface of the lower layer, the material properties
vary from pure metallic at n=-h/2 to pure ceramic at
n=(0.5-a)h accordingly, the ceramic phase volume
fraction within the layers of Type B model can be defined
by Equations (2).

metal

Figure 2: Type B Functionally Graded Structure
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Type C: According to this model, illustrated in Figure 3,
it is assumed that the middle layer (core) of the cross-
section is made of pure ceramic material, with a thickness
ofgh. The top and bottom layers are considered
functionally graded, where the material properties vary
from pure metal at their respective outer surfaces toward
pure ceramic at the interface with the core.
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Figure 3: Type C Functionally Graded Structure
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3. Validation

For validation purposes, Figure 4 presents the variation of
the characteristic parameter of lateral-torsional buckling
resistance of an I-section beam—which depends on both
bending and torsional rigidities—as a function of the
power-law index, for three different values of the
dimensionless slenderness parameter. These results are
quantitatively compared with those reported in Ref. [7].
As depicted in Figure 4, there is a strong and consistent
agreement between the results obtained from the present
model and those from Ref. [7].
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Figure 4: Buckling index versus Power Index.

4. Results and Discussion
4.1. Effect of p Index on Buckling Capacity

As shown in Figure 5, the lateral buckling capacities
of the cross-sections modeled with types A, B, and C
decrease as the total ceramic volume fraction is reduced.
This decline is attributed to the consequent reduction in
overall sectional stiffhess.
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Figure 5: buckling moment versus end moments ratio.

4.2. Effect of Porosity Parameter on Buckling

Figure 6 shows that with the increase in the degree of
boundary constraints from Condition SS to Condition CC,
and as a result of the enhanced flexural stiffness of the
beam, the lateral buckling capacity of the cross-section
improves significantly. For any value of p index, the
buckling capacity of the beam under CC B.C.s is higher
than in the other two configurations. Furthermore, the
buckling resistance of the beam under Condition CS is also
greater than that of Condition SS.
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Figure 6: Variations of the critical bending moment
versus the power-law.

5. Conclusion
This study employed a finite element approach to

investigate the axial-lateral-torsional buckling behavior of
thin-walled functionally graded I-beams and channel-
section beams under three boundary conditions: simply
supported-simply supported, clamped-simply supported,
and clamped-clamped. The comprehensive parametric
investigation revealed how variations in material
composition and structural constraints influence the
buckling performance of these advanced material systems.
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