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An Improved Shooting Method for a Class of Switching Optimal Control Problems
F. Vahidifar M.A. Mehrpouya

Abstract Optimal control appears in some of the well-known areas of science in recent decades. In
optimal control field, a classical subject is the switching optimal control problems which arise in some
well-known application areas, such as aerospace engineering, cranes and industrial robots. In these
problems, the input control jumps from one boundary to another and appears linearly in the objective
function and the dynamical equations. What’s important in solving these problems, is finding the
switching points with high accuracy. In this paper, an improved shooting method for solving these
problems is investigated. For this purpose, the well-known indirect shooting method for numerical
solution of this class of optimal control problems is first reviewed and it’s deficiency in obtaining the
switching points accurately, is expressed. Then, with redesigning the method by applying a control
parameterization, we transform the problem to the solution of the shooting equation, in which, the values
of the switching points and the initial values of the costate variables are unknown parameters. This leads
the switching points are captured accurately and thereby accurate solution of the problem is obtained.
Numerical results of five benchmark examples are presented and efficiency of the method is reported.

Key Words Switching Optimal Control, Pontryagin’s Minimum Principle, Shooting Method, Control
Parameterization
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o,(t) =

dA, /dt =[1,(16-9c0s*(X,)) + (X, +X,)
x(124, sin(x,) —124, sin(X,) — 94, sin(2x,))]
/[-16+9c0s?(x,)]

(et)

QTJJAS.L'JJ«: Cowd &

M (.) = c0s®(X,) (1804, X, X, + 904, X; +904, X’
904, X2 — 4501 , 2 —1804,X,X,) +C0S° (X,)
x(—6904, X% —3452,X; +3451,x; —6904,X,X,)
+27sin(x,) cos’ (X,) (AU, —24,U, +24,U,)
+C0S(X,)(—204,X; —204,X; + 201, %’
+1004, X5 —402,%,X, +402,%,X,) +Sin(X,)
(484,u, —96.4,u, +964,u, +Sin(2x,)(—364,u,
+184,u, —904,u, +364,u,) + 4804,X,X,
—2401,%2 + 4804 — 42 + 2404, %2

(e0)

6[ .d .\‘;Jl ud\ :j‘” u\

sl M) 51 M (X, X5, Xy, g5 A4, Uy, U)

Q)}apb @}M) C‘)}W@‘@M

~ (20/3)(4, — 4,) =104, cos(X,)

o,(t) ;
(400/9) —25c0s"(x,) (67)
(50/3)2, +102, cos(x,) — (10/3)A, —52, cos(x,)
(400/9) —25¢cos”(x,)
(ov)

Sl 5 s BB 313 03 pskee b I

b= lein S Ll dis (ol e J 28
5 S s (S w5 (1) SO0 oS e
Jsdr 53 5 ol ol o3l OLES sel s 3|
Aoleds sl T s w2l sl nolis (0)
ooy =l e 5 s Dl L gl cpl p osdle
oliS (V) i s Bl gla pane Al uslis

583 u_k:-ab ‘au;}lﬁ uij)c\S;j,;: ey Liledl

(V)

&v)

X, =[(50/3)sin(X,)(XZ +2XX, + X.)
+(10/3)(2u, —u,) —5u, cos(x,)
+(25/2)sin(2x,)x2]/[(400/ 9) — 25c0s?(x,)]

(EA)
%, = [~(50/3)sin(X,)(5XZ +2%,X, + X.)
+(10/3)(5u, —2u,) +10(u, —u,) cos(X,)
—(25/2)sin(2%,)(2X +2x,%, + x2]/[(400/9)
~25¢08°(X,)]

(¢9)

Uj(t)E{—l,l}aj:]-yZ (o.)

sb—¢ «—J= 5 x(0)=[0,0,0,0,]" L—
S5 oY ol X(t,) =[-0.44,1.83,0,0T
Xy 5 X Il sl e el il 3 oS ool
L 50 Xy 5 Xy 5 Jlasl aas (glay 515 o
Sheemd 53 sl e Ol L)l slacs
Olgmean Uy 5 Uy o S 53 ol slapskis
S 3 Ol Colds jslieas J S gla e
oalial ¢ SLL Cundgo 4 sl Cundge 51 S Ole
RGPS 9
(s (1) Sl SVslas ol by
dA, /dt=0 (o))
dﬂz /dt= _(3/5)[M(sz X3, X4’/13’ﬂ“4’u11 uz)]

/[256 — 288c0s” (x,) +81cos” (x,)]

(oY)

dA, /dt =[1,(16 —9cos?(x,)) +12sin(x,)

X(A, (% +X,) — A, (5%, +X,)) +sin(2x + 2)

x(9%, (4, —24,) —9%,4,)1/ [-16 +9c0s? (X,)]
(ov)
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% =% (oA)
X, = (08)
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%, =—0.98x, +0.1u o
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Sop s Ll

x(0) =[0,0,0,0]" (")

_ T
X(t;) =[15,0,0,0] )

H(X,Au)=1+AX, + Lu+4,X,
—2,(0.98x, —0.1u) (10)
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) seh
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Ode45 B fSOIVe &Léjbcbli Calises J.J)LEA LS‘)" AMWLN @}M B L}"Lé" 6LAQLGJ\ J.':‘JLEA (QL:)) t_«<1 6[,&))\. ili.,...») 10 JJ.,\>

TolFun | TolX RelTol | AbsTol S1 Sz S3 ty
1.0e-03 | 1.0e-03 | 1.0e-03 | 1.0e-03 | 0.76778603056 | 1.10366985024 | 2.36634282018 | 3.19710629592
1.0e-06 | 1.0e-06 | 1.0e-06 | 1.0e-06 | 0.76778926545 | 1.10367124281 | 2.36634527742 | 3.19711194006
1.0e-09 | 1.0e-09 | 1.0e-09 | 1.0e-09 | 0.76778927125 | 1.10367129913 | 2.36634521474 | 3.19711188693
1.0e-12 | 1.0e-12 | 1.0e-12 | 1.0e-12 | 0.76778927118 | 1.10367129908 | 2.36634521457 | 3.19711188678
[6] 5! siteloccesa o 0.7677893 1.1036713 2.3663452 3.197119

5T80Ive (sla zal,l Cilime jyslie (sl31 4 Bl (sla puste al jylis oddarnles olie

(QL{)J t_«<1 6[,&))\. ili.,...») @Y JJ.,\>

ode45
TolFun | TolX RelTol AbsTol 21(0) A,(0) 23(0) 24(0)
1.0e-03 | 1.0e-03 | 1.0e-03 | 1.0e-03 |-1.56900143800 | -0.91771498374 | -2.90427738607 |-1.45400686594
1.0e-06 | 1.0e-06 | 1.0e-06 | 1.0e-06 |-1.56971944709 | -0.91794327412 | -2.90687926979 |-1.45494529907
1.0e-09 | 1.0e-09 | 1.0e-09 | 1.0e-09 |-1.56971965077 | -0.91794340778 | -2.90687990183 |-1.45494560686
1.0e-12 | 1.0e-12 | 1.0e-12 | 1.0e-12 |-1.56971965087 | -0.91794340811 | -2.90687990192 |-1.45494560707
[6] 51 sdteTmesa s -1.5697236 -0.9179555 -2.9053665 -1.4543976

= Up foey 3l aS ane J 28 sl

ut) e{-143 - J—ol s 2Bz ras Sl &S e I RS

Sop 4l Ll

x(0) =[0.04, 2,0 (ve)

x(t, ) =[0.06,3,0]" (vo)
1D gt (V) Sthon w6 bl 5o adl e

H(X,A,u) =1+54X (X —1)+0.14X,

+54,x —0.14,x, +0.24,u V)

@) v_"al_ﬂ‘ QY:WM@WAS:_,{ dal g

Sy ]
dA, /dt =54 (1-x%,)—54, o)
dA,/dt=0.14,-0.14, "
dA,/dt=-54X "

oo |y 4 J x5 o(t) =0.24,(1)
Lles e aseie U(L) = —sign(0.24,(1))

J ol s Ll s ool el ol
5 S S il (8) S 0 0S e
Jod 53 5 Gl ol o3l QLA sdalensas el
Aleds il T s 26 ol palie (V)
ol s il Ses 5 3 (il sl e
sl JislS (A) Jsds 5o 50 Sl sl s ol

RGN

ST gt Oy e o pbaed 55T, 20 Jla
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b sndnoisly s chle s b IS o s e
AS U ane S Jl s dns o LSS g G 50
0 Loy Sole el ot cpl > J S it Olen
Ol 055 o aliss (ot 0l 2 el T adas

Saissdoe & S T el

X, =5x% (X, —1)+0.1x, Vo)
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Ly o Aoidorms =5 (sms Ly s il S i Jom sl 4l sgy e e
| Ai(t) ' Aa(t) 21(t) 25(t)
Is - -
05 05 '
10 2
0 0
1
03 -0.5 s
-1 0 0
-1
0 5 10 0 5 10 0 5 10 0 5 10
3 As(t) M) @3(t) z4(t)
2 2 02 o
! 0.1 0
_? 0 0 0.1
-0.1
2
2 5 o 02
-0.3 -0.3
0 5 10 0 5 10 0 5 10 0 5 10

1

0.5
oF
-0.5

-] P

-1.5

ot
-
-

-
o

s
-
-

A 4

4

0

2.9853 4.2901 5.5948

8.5801

£ e s ealgiiy A, )l el Consay Sl A J xS TR Gb: (@ IS

0ded5 ; fsolve (sla sl )l Cilises olie (gl eddapules T s 2l sbobs ol (s JeBr i) 1V g

TolFun| TolX RelTol | AbsTol Sq Sz S3 ty
1.0e-03| 1.0e-03 | 1.0e-03 | 1.0e-03 | 2.98534164389 | 4.29005305228 | 5.59476254024 | 8.58010226372
1.0e-06| 1.0e-06 | 1.0e-06 | 1.0e-06 | 2.98534070890 | 4.29005156830 | 5.59476216189 | 8.58010260154
1.0e-09( 1.0e-09 | 1.0e-09 | 1.0e-09 | 2.98534056243 | 4.29005131910 | 5.59476207521 | 8.58010263708
1.0e-12| 1.0e-12 | 1.0e-12 | 1.0e-12 | 2.98534056214 | 4.29005131855 | 5.59476207495 | 8.58010263709
[9] ! MAL”MM{ CL’ 2.98534056214 | 4.290051311855 | 5.59476207495 | 8.58010263709

0ded5 ; fsolve (sla el by cilies islis sl3l 4 Sl Gla pae gl islis sddaulms Sislis (o oo Aies) Ay J g0

0 Jle js ealgiig B, )l ool iy Sl g I J xS s s 1O Ja

TolFun | TolX | RelTol | AbsTol 21(0) 2,(0) 2A3(0) 24(0)
1.0e-03 | 1.0e-03 | 1.0e-03 | 1.0e-03 | -0.18172142222 |-0.77959432782| -1.09588674992 |-2.20406817424
1.0e-06 | 1.0e-06 | 1.0e-06 | 1.0e-06 | -0.18172131824 |-0.77959374522| -1.09588850188 |-2.20406239144
1.0e-09 | 1.0e-09 | 1.0e-09 | 1.0e-09 | -0.18172135778 [-0.77959395064| -1.09588779157 |-2.20406049756
1.0e-12 | 1.0e-12 | 1.0e-12 | 1.0e-12 | -0.18172135774 |-0.77959395040| -1.09588779215 |-2.20406049599
z1(t) @(t) 08 z3(t)
0.12 3 0.6
o /\ 2.5/
0.06 02
0.04 2 0
- - 02
0 5 10 0 5 1 5 10
200 Ai(t) Aa(t) . As(t)
2
150 5
100 : Oﬂ
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50 -5
-5
0 -6 -10
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oded5 ;fsolve gls ml,b calises pslis (5 oddanlou s s 2le ol olie (ol 55ST, i) 1@) J s

TolFun TolX RelTol AbsTol S1 Sy Ly
1.0e-03 1.0e-03 1.0e-03 1.0e-03 3.38209879138 6.90661504664 7.04903251040
1.0e-06 1.0e-06 1.0e-06 1.0e-06 3.38208953564 6.90599293791 7.04780686215
1.0e-09 1.0e-09 1.0e-09 1.0e-09 3.38208954823 6.90599297159 7.04780684672
1.0e-12 1.0e-12 1.0e-12 1.0e-12 3.38208954822 6.90599297157 7.04780684669
[21] 5 sselcmsay s 3.38208957 6.90599299 7.04780685

0ded5 ;fsolve sl el )l calises olis sl3l a0 Sl sla e alyl olis sdiialous yolis (( sloand SST, dles) ) o Ju

TolFun TolX RelTol AbsTol 24(0) 2,(0) 23(0)

1.0e-03 1.0e-03 1.0e-03 | 1.0e-03 | -2.95496305447 | -2.83091449952 | - 4.97444752966

1.0e-06 1.0e-06 1.0e-06 | 1.0e-06 | -2.97015514326 | - 2.84546902458 | - 4.99999998975

1.0e-09 1.0e-09 1.0e-09 | 1.0e-09 | -2.97015518504 | - 2.84546909658 | - 4.99999999921

1.0e-12 1.0e-12 1.0e-12 | 1.0e-12 | -2.97015518582 | - 2.84546909698 | - 5.00000000000
[21] 51 saslcmsay mls - 2.97015515 - 2.84546900 -5
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Costate variables

Relative error o gl Sl e
Absolute error . . I
e sl Hamiltonian boundary S sltie dls
_ value problem (HBVP)
Van der Pol oscillator J sl Sl s 5 5han

Third-order nonlinear
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Improved shooting

i o sl Gy A
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e Shooting equation b sabslee

Two-link robot Sl S slassl Switching function e
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